Abstract. The role in the Conley index of mappings between flows is considered. A class of maps is introduced which induce maps on the index level. With the addition of such maps to the theory, the homology Conley index becomes a homology theory. Using this structure, an analogue of the Lefschetz theorem is proved for the Conley index. This gives a new condition for detecting fixed points of flows, extending the classical Euler characteristic condition.
Introduction
The techniques of algebraic topology have long been useful in the study of dynamical systems. Two classical results are the Lefschetz-Hopf fixed-point theorem and the Morse inequalities. The Lefschetz theorem has as a corollary a condition for the existence of fixed points of a flow on a compact polyhedron X. Namely, if the Euler characteristic ^-(X)^O, then every flow on X has a fixed point. The Morse inequalities (among other things) strengthen this result for gradient-like flows on X, relating x(X) to the number of fixed points.
The Conley index theory generalizes Morse theory in two ways: it generalizes hyperbolic critical points to isolated invariant sets; and it greatly weakens the conditions on the flow needed for the index to be defined. The Conley index is the homotopy type of a pointed space N/N o , where (N, N o ) is an index pair for 5 in X: a compact pair chosen to capture the behaviour of the flow about S in X. The homology of N/N o then defines the homology Conley index, denoted here by CH^{X; S). With the Poincare polynomials of these homology groups replacing the Morse indices of hyperbolic critical points, the Morse inequality remains valid [2] . This and the other uses of the homology index ( [1] , [4] - [8] ) have made it a powerful topological tool for dynamical systems.
This work seeks to further strengthen the Conley index theory by introducing to it mappings between flows. A class of maps, called flow maps, is defined and shown to induce maps between Conley indices and between homology Conley indices. This enables invariant sets in different flows to be compared in the Conley index theory. In particular, with the addition of flow maps to the theory, we can define a category of isolated invariant sets on which the Conley index is a functor and the homology Conley index is a homology theory. This greatly increases the range of homological methods available to the index theory, and generates analogues of many of the standard theorems of homology.
One of these is a generalization of the Lefschetz fixed-point theorem. In some cases, a flow map which is also a self-map on an isolated invariant set 5 induces a self-map on the homology Conley index of S. Using this homology in place of the singular homology of S, and ANR hypotheses on index pairs replacing the ANR hypothesis on S, we can define a generalization of the Lefschetz number, called the Conley-Lefschetz number. The generalization of the Lefschetz theorem (theorem 5.7) is that if the Conley-Lefschetz number of a map is non-zero, then a certain family of maps homotopic to it all have fixed points in S. In particular, the Conley-Lefschetz number of the identity (the Conley-Euler number of S) detects fixed points of the flow on S.
In § 1 the definitions and notation of the Conley index are reviewed. In § 2 we introduce mappings between flows and consider how the objects in the index theory transform under them. These maps are used in § 3 to define a cateogry 3>y of isolated sets. The Conley index is shown to be a functor, and the homology Conley index a homology functor, on this category. In § § 4 and 5 we record some of the results made available by this formalism. Specifically, analogues of the Mayer-Vietoris and Kiinneth theorems are proved in § 4, and an analogue of the Lefschetz theorem is proved in § 5. This is used to show that, under mild hypotheses, if the Euler characteristic of CH^(X; S) is non-zero, then S contains fixed points of the flow. A relative version of the theorem and continuation properties of the theorem are proved. The interaction between mappings and Morse decompositions is not discussed here, but will be examined in [9] .
Definitions and notation
We will use the formulation and notation of the Conley index found in Salamon ([12] ). We will work only with locally compact metric flows: a locally compact metric space X with a continuous action <p:X xU^> X. We will generally not display the action, writing x-t for <p,(x). Definition 1.1. If X is a flow, U^X, the maximal invariant set in U is /(£/) = {x e X | x • U c U}. A set S c X is an isolated invariant set if there exists a compact neighbourhood N of S in X such that S is the maximal invariant set of N. N is then an isolating neighbourhood for 5.
For closed U, J( U) is closed. In particular, the definition requires an isolated invariant set to be compact. Property (ii) is referred to as positive invariance of N o in N,; property (iii) is referred to by saying that N o is an exit set for N t . It is useful in topology to be able to work with neighbourhood deformation retract (NDR) pairs ( [3] , [13] If (TV,, TV 0 ) is an index pair satisfying the hypothesis of 1.4, then (TV,, TV 0 ) = (cl x (TV,\TV 0 ), N o ncl x (TV,\TV 0 )) is also an index pair, with T + continuous and T+(X) = sup {t>0|x-[0, f]c TV,}. As X is a two-sided flow, we can make a similar construction for S as an isolated invariant set in the reverse flow (the 'exit-time' map is now an 'entrance-time' map and is denoted T_). In fact, we can construct such index pairs for the forward and reverse flows simultaneously. Namely: (i) TV is invariant relative to cl x (TV\M°).
Pf. P is by construction positively invariant in TV, and an orbit in cl x (M\M°) can only exit cl x (M\M°) if it enters P, so M is positively invariant. Similarly, cl x (M\M°) is negatively invariant in cl x (TV\M°) (as M and M° are both negatively invariant in TV), and orbits in P can only exit P in backwards time if they enter M or M°, so M is negatively invariant.
(ii) (M, M°) is an index pair for S in the reverse flow. (N, N o ) is the intersection of (N, N o ) with a compact set positively invariant relative to N. Such an intersection changes none of the properties required in (i); (N, No) satisfies (i).
Pf. (M,M°) is formed by attaching P to (M, M°
• If S is isolated in X, the collection of index pairs (N, N o ) which admit an N° so that N, N o and N° satisfy 1.6(i), (ii) will be denoted Jf(X; S). Let s#J{(X; S) = {(N, N 0 )eJV(X;S)|N/N 0 is an absolute neighbourhood retract (ANR; cf. [3] , [13] )}. The construction of index pairs in [11] shows that sdJf(X; S) is non-empty when X is a manifold.
Index pairs are used to define the Conley index, which has the structure of a connected simple system. 
Mappings in the Conley index
In the existing theory, morphisms in ^ifif are used only in continuation, and appear there only as isomorphisms-morphisms between connected simple systems with the same homotopy types and the same homotopy classes of maps. To extend to more general morphisms, and so make the Conley index functional, we introduce flow maps. 
for every xeX, r e R, f(x• t) =f(x) • t).
Examples of flow maps include: (i) The inclusion i:A-*X of a closed invariant (under the flow) subset of X.
(ii) If G is a compact group acting on a flow X, then multiplication by g € G and the quotient map TT : X -* X/G are flow maps, where X/G is the G-orbit space.
(iii) In [1] , Conley shows that any flow has a strongly gradient-like quotient flow, obtained by collapsing components of the chain recurrent set to points. If each component is compact, then this quotient map is a flow map. THEOREM 
Let f:X-*Ybe a flow map, S<^Y an isolated invariant set with isolating neighbourhood N and {regular) index pair (N,, N o ). Then f~\S) is an isolated invariant set with isolating neighbourhood f~\N)
and (regular) index pair
Proof. Invariance under the flow is preserved by pull-backs, so f~\S) is invariant. 
is continuous for every t > T and represents the homotopy class
(ii) / ( / ) will be a well defined morphism of connected simple systems provided
otherwise.
As / commutes with the quotients and the flows, the two formulae agree.
•
We are now free to study the role of flow maps in either the homotopy index h(S) or the Conley index I(X; S). As connected simple systems give more precise information than homotopy classes, we will limit our attention to the Conley index. PROPOSITION 
Given a commutative diagram of flow maps f and an isolated invariant set S^Z, then there exists a commutative diagram of connected simple systems

HZ; S)
Proof. This is immediate from the formulae in 2.4.
• We next want to describe how flow maps behave under continuation. To do so, some results on isolating neighbourhoods are needed. 
We obtain a common set of the K for X and Y by taking covers {^(X)} and {K k ( Y)} which are admissible for X and Y respectively, and taking K Jk = Kj(X) n K k ( Y). Take connected components of the K jk and order them so that K t nK i+l^0 . As j(A,, /C j+1 ) is inclusion-induced, hence flow map-induced, we have 
Functorial constructions
A given invariant set may be isolated in more than one flow, and will in general have a different index when viewed in different flows. One way in which the flow may be changed is to restrict to some subflow. This may be done via flow maps. If Ac X is a closed invariant subspace, the inclusion map i:A-*X is a flow map, with i'\S) = Sr\A. With this, we will be able to define a category of isolated invariant sets and flow maps and a homology functor on this category. That is, since inclusions of closed subflows will lie in the category, we will be able to give it the 'pair' structure needed for a homology theory. 
:(X,A;S)^(Y,B; T) w i t h / ( A ) s B a n d / -' ( T ) = S.
Remarks, (i) 3>y can readily be checked to be a category. Its pair nature lies in the fact that (X, A) is a pair of flows. Properly, (X, A; S) is to be regarded as a pair of isolated invariant sets in a pair of flows, with S nA the isolated invariant set in A. A single isolated invariant set in a single flow may be obtained by taking A = 0.
(ii) Everything above can be done with local flows or discrete dynamical systems instead of flows. If X, Y local flows, define a local flow map to be a proper continuous map with the following equivariance properties:
(
a) if x € X, t e U such that x • t e X, then f(x) • t e Y and /(x) • t =f(x • t); (b) if xeX, teU + such that/(x) • te Y, thenx-teX.
If/~'(S) is replaced b y / " ' ( S ) n / ( X ) , all of the theorems above remain valid. We can then define a category iP^S^ of isolated invariant sets in local flows.
If X, Y have discrete dynamical systems given by homeomorphisms g and h respectively, a discrete flow map is a proper continuous map / : X -» Y such that f°g = h°f.lf the Conley index is replaced by the shape index defined in [11] , all of the theorems above remain valid. For the present, however, we will limit ourselves to the category SSf for continuous flows.
By taking pairs of spaces and maps of pairs, the definitions of a connected simple system and a morphism of connected simple systems have obvious relative category versions. We now use ^Sfy to denote this category, and view the single space category as a sub-category. With this relative category, we can define: • Thus, if we apply the singular homology H# to a connected simple system, we obtain an inverse system of graded groups, with all of the groups isomorphic and all of the maps between them isomorphisms. We can then take the inverse limit to obtain a single graded group. This is equivalent to making a consistent choice of generators for the groups H^iNJN o ,*).
Definition 3.5. The homology Conley index is the functor CH^ = lim ° H^ ° I from the category $£f to the category of graded Abelian groups. We will denote CH^X, 0 ; S) by CH^X; S) and CH*{f) by/*. If 5 is a compact flow, then S is isolated in S, and (S, 0 ; S) e JSf. S has only one index pair in itself, namely (S, 0 ) , so CH^(S; S) = /^( S ) , the singular homology of S. By taking trivial flows if necessary, any compact metric space can viewed as a compact flow, and any map between compact metric spaces can be viewed as a flow map. THEOREM 
CH^ is a homology functor on JSf in the following sense: (i) if id:(X,A;S)^(X,A;S) is the identity map, then id*: CH^X, A; S)-» CH^.(X, A; S) is the identity homomorphism;
( is also an isomorphism.
(vii) This is the observation above that CH^iS; S) = //^(S) for any compact metric space S.
The homotopy axiom is a special case of the following naturality statement for the homology Conley index under continuation:
IfXxA is a parametrized family of flows, with S A £ X K and S M c Xr elated by continuation, then CH^.(X X ; S x ) = CH^X^, S^). Further, if F : X x A -» Y x A is a flow map, then there exists a commutative diagram
We can equally well define a cohomology Conley index CH* based on singular cohomology. As the morphisms in I(X, A; S) induce ring isomorphisms, this will give a cohomology theory on 3>5P with cup product. Further, in different settings we can follow the Conley index functor / by different (co-)homology functors h and obtain corresponding Conley (co-)homology indices Ch (cf. [4] ).
The exact sequence of a pair (theorem 3.6(iii)) can be used in a variety of ways to facilitate computations with the homology Conley index. In [10] a theorem on the structure of isolated invariant sets in a manifold M is proved by showing that, if the theorem fails to hold, an invariant submanifold M o can be constructed so that the sequence of the pair (M, M o ; S) fails to be natural. A more positive application comes from the relation between chain recurrence and strongly gradientlike flows.
For example, if X has compact maximal invariant set S, then the chain recurrent set R of X is compact. Form the quotient space X by collapsing each component of R to a point. Conley [1] shows that X has a strongly gradient-like flow, and suggests that the flow on X be studied by relating it to the flows on R and X. In terms of the homology index, this is achieved by the exact sequence of (X, R; S). Namely, the natural projection ir: X -* X is a flow map and generates a commutative diagram
U CH n (R; R) -±+ CH n (x; S) -^ CH n (X, R; S) -?-+• • •
• ' *
• CH n (R; R)-^CH n (X; S)-^CH n (X, R; S)
with CH n (R; R) = H n (/?) and CHAR; R) = H n (R). As R consists of a finite set of points, jf-CHniX; S)^>CH n {X, R; S) is an isomorphism for n > 1 and injective for n = l. Moreover, if R is an equivariant neighbourhood retract in X, or if a 1 8 8
C. K. McCord continuous homology theory is used, then 77*: CH n (X, R; S)-» CH n (X, R; S)
is an isomorphism. Then for n > 1 there is an exact sequence
X;S)-^ CH n (X; S)->-• •
relating the chain recurrent set and the homology indices in X and X.
Computational techniques for the homology Conley index
Many of the basic computational methods of singular homology remain valid for the homology Conley index. As examples, we record analogues for the Conley index of the Mayer-Vietoris and Kunneth theorems. As in singular theory, these theorems require the concept of an excisive triad, so we first consider excisiveness in the Conley index. Proof. Choose a regular index pair (TV,, N o ) for S in X, and let Ny = N, n X } . We then have exact sequences of chain complexes
S t (N n )
.,
S * ( N , ) ^ S * ( N , ) S ( N ) + S ( N ) S ( N ) + S ( N ) S ( N ) + S ( N ) + S ( N ) '
•0. The quotient of (4.7) by (4.6) then generates the desired sequence.
• Example 4.8. Consider the flow on the torus 9 0 (0, <!>) = (sin (0) cos (#), sin (<£)) given in 2.13. The set S = (</> = 0, n) is isolated. We compute its index in T 2 from the Mayer-Vietoris sequence. Take X, = {-IT S <j> < 0}, X 2 = {0 < <f> =£ IT}. The homeomorphism # >-*• -<$> is a flow map which takes S to S and X, to X 2 , so CH^X,; S) = • As the sequences in theorems 4.5 and 4.9 are natural, they remain exact under continuation (in 4.5 we must require that the sets X t and A t remain invariant throughout the continuation), and the theorems are 'stable' under continuation.
Lefschetz theorem for the Conley index
We now develop an analogue of the Lefschetz fixed-point theorem. Given a self-map / o n a flow X with/(S) c S (and some technical hypotheses), CH^X; S) to compute a Lefschetz number in place of H^{S). Similar to the ordinary Lefschetz number, this will detect fixed points of flow maps (theorem 5.7). Such a fixed-point theorem will have (at least) two uses. First, many problems in differential equations can be translated into searches for fixed points of maps. If this translation leads to a search for fixed points of a flow map on an isolated invariant set S, this result will be applying the classical Lefschetz theorem to / or to f\ S. In particular, the ConleyLefschetz number will not depend on the topology of S, so this result may be able to detect fixed points when the classical Lefschetz number L ( / | S) is not defined, not computable, or zero. Second, knowing that S n Fix (/) is non-empty may give further information about 5. For example, if a group acts on X, the fixed-point set of multiplication by a group element may be computable, If 5 can be shown to have fixed points under this multiplication, then S has been (partially) located.
To develop the theorem, we require an appropriate class of self-maps on flows and some ANR hypotheses on index pairs. commutes for sufficiently large s and t. The two horizontal compositions are then identified after applying H* taking the appropriate inverse limits, so tr(/^.' »/".) is independent of the choice of index pair. To find when L(/; X, S) is defined, and to relate it to fixed points of/ we consider the classes of index pairs Ji(X; S) and MJf{X; S). , S) is non-empty is independent of the flow map being considered, so we may apply (i) to g.
• (ii) Just as CH^ has the special case CH^S; S) = H%(S) for 5 a compact metric space, this theorem has as a special case the Lefschetz theorem for compact absolute neighbourhood retracts (with T(f; S, S) = 0). However, this theorem applies in two cases in which the classical theorem does not. First, S can be an ANR with MNiX; S) non-empty and L(f; X, S) * L(f; 5, 5) = 0 (cf. example 5.17). Second, S can fail to be an ANR, but can embed in X so that s£N(X; S) is non-empty and L(/; X, S) ^ 0.
(iii) The time estimate T(f; X, S) is not necessary for fixed points to exist. However, to prove their existence by generating self-maps on index pairs, the time is required, and is in general non-zero. For example, the flow x = x o n R admits self-map f(x) = x/2. 5 = {0} is an isolated invariant set, and if (N, L) is an index pair for S in U, then there is a point x 0 > 0 with x o e L and [0, x 0 ) £ N\L. In particular, f(x 0 ) = x o /2e N\L and is only carried into L by flowing forward for time In (2). Thus T(f; U, S) = In (2), yet fixed points of f° <p, exist for all t.
